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Abstract BRST invariance supplies a sufficient condition for the ob- 
servability of fields. We show that there is a global obstruction to the 
observability of quarks and gluons and argue that they will not become 
observables at finite temperature. We give expressions for quarks and 
gluons that are, however, perturbatively BRST invariant, and hence 
locally observable, up to order g 2 and g respectively. 
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Quantum Chromodynamics (QCD) is the theory of strong interactions W. Its success is 
based on perturbation theory. The content of the theory is a non-abelian, SU(3), in- 
teraction of quarks and gluons. Evidence for these particles comes from deep inelastic 
scattering. The outstanding problem in QCD is that these particles have not been ob- 
served experimentally. This has led to the confinement hypothesis that only colour singlet 
objects are observed in nature. In this letter we will prove that it is impossible to construct 
an observable quark or gluon outside of perturbation theory. Inside perturbation theory, 
however, this may be done. We present expressions for such perturbatively observable 
quarks and gluons to low orders in the coupling. 

The QCD Lagrangian is 

£ = -iF 2 + V(^-m)V, (!) 

where F is the field strength constructed out of the non-abelian (Lie algebra valued) 
potentials A, D is the associated covariant derivative and ip is a fermionic field. This 
Lagrangian exhibits the following gauge invariance 

A(x) -> A u (x) = U- 1 {x)A(x)U{x) + -U-\x)dU{x) , 

where g is the coupling and, for each x, U(x) is an element of SU(3) (or more generally 
any compact Lie group). Due to the existence of constraints, which is a direct consequence 
of this gauge invariance, observables must be gauge (or, more exactly, BRST) invariant. 
From Eq. 2 we see that, in particular, the fermionic fields, ift and are not observables 
and thus cannot be identified with observable quarks. A similar problem for the electron 
arises in QED and has been solved by Dirac^as we now explain (see also Ref. 3). 

The physical electron field is given by 

diAi 



Vphys{x) = exp hg-yT 



(x) V(z) • (3) 



This is a spatially non-local field, with ^ being the Green's function for the Laplacian 
V 2 = didi. This type of non-locality in the electron field is perfectly acceptable and 
reflects the need for an infinite number of soft photons to deal with the infra-red sector of 
the theory! 4 ]. Indeed, in contrast to the usual asymptotic identification of the electron with 
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ip, this BRST invariant expression has an electromagnetic charge and creates a Coulomb 
electric field ^; justifying its identification with the electron. 

In contrast to this, the gauge and BRST invariant expression 

^cov(^) = exp I -ig-£-^ I %j}[x) , (4) 

cannot be identified with a physical field due to the spacetime, and in particular tempo- 
ral, non-locality implicit in the ^ Green's function. Being non-local in time obstructs 
any decomposition into positive and negative frequency components and hence a particle 
picture. Indeed the whole concept of in and out states, as well as time ordering, loses 
any meaning for this field. This example, though, does show the need for the caveat that 
BRST invariance is only a sufficient condition for the observability of a given field. 

Another possible candidate for an electron would be 

ip 3 (x) = exp • ( 5 ) 

Although this is naively gauge invariant, it depends upon an arbitrary direction which is 
unattractive in such a physical field. Indeed, a more detailed investigational shows that 
this field configuration is unstable, and decays into the static expression (3) proposed by 
Dirac. 

An at first sight distinctly different ansatz is as follows. Consider a fermion attached 
to a Wilson line 

^ r (x) = exp (ig J A^(z)dz^ ^{x) , (6) 

where Y is any contour from the point x to — oo. Although this is, by construction, gauge 
invariant, it is dependent on the arbitrary line Y. A physical electron cannot have this 
property. We now require that the contour does not introduce any temporal non-locality. 
Then, upon decomposing the spatial components into the physical, transverse components, 
Af, and the unphysical, longitudinal component, A\ = 3 , we see that ip r may be 

written as 

ip r (x) = N T (x)i) phys (x) , (7) 

where 

N r (x) = exp (ig I Aj \z)dz l ) . (8) 



Ti 

oo 



This gauge invariant normalisation factor contains all the contour dependence and must be 
removed for the fermion to have any physical meaning. We thus recover Dirac's physical 
electron. Indeed it should be noted that if, as was suggested in Ref. 6, we replace A^(z)dz^ 
by Af(z)dz l , we obtain just Dirac's electron (since iVr is then unity as may be seen from 
Eq. 8). This concludes our discussion of QED for the moment. 

A sufficient condition for the non-observability of quarks would be to show that no con- 
tour and gauge independent generalisation of Dirac's physical electron can be constructed 
for the quarks. We will now demonstrate that this is the case. 

Working in a Hamiltonian description^ of QCD, where the momentum conjugate to 
the potential is denoted by i.e., such that the fundamental Poisson brackets are 

{Af(x), Yl J b (y)} = S^S J i S(x — y), we see that if such a field exists it may be written as 

^phys(^) = h~ 1 (x)lp(x) , (9) 

where h(x) is a field dependent element of SU(3). The sought for gauge invariance of this 
expression then implies that, under a gauge transformation, h must transform as 

h(x) h u (x) = U- 1 (x)h(x) . (10) 

Thus writing 

h(x) = exp(-v a (x)T a ) , (11) 

where T a denotes the (here chosen to be anti-Hermitian) Gell-Mann matrices, and expand- 
ing the exponential we find that the infinitesimal version of (10) is 

{v b (x),G a (y)}*8 ab 5(x-y), (12) 

where G a is the infinitesimal generator of gauge transformations 

G a (x) = (D l TlT(x)+gJS(x) : (13) 

and Jg is the current density. Note that we are using a weak equivalence in (12), i.e., it 
holds only after we have set the constraints and v a (x) to zero. Thus, if such a construction 
were possible, we could identify v a (x) as possible gauge fixing functions. (In QED we 
have seen that it is essentially the Coulomb gauge.) We now assume that our fields are 
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chosen so that, as far as the gauge group is concerned, we can identify the space time with 
R x S 3 , where S 3 is the spatial three sphere. As is well known! 8 ! there is no such global 
gauge fixing in QCD (the Gribov ambiguity 3 ). Hence we deduce that there is no gauge 
invariant description of a sing le quarkt 11 !. Of course there are observables in QCD, these 
correspond to gauge invariant combinations of the fundamental fields; an example is tfjifj. 
We would like to stress that our arguments do not depend upon working in a particular 
gauge or indeed upon using a gauge fixing at all: we merely note that if physical quarks 
could be defined then they could be used to construct a globally well defined gauge fixing. 
Since this last does not exist, neither do observable quarks. 

Quark fields have not been directly observed in experiments and this has led to the con- 
finement hypothesis, i.e., that they never will be. We now argue that the non-observability 
of quark fields provides an explanation for confinement. Indeed if we assume to the con- 
trary that quarks are not confined then they must be directly observed in experiments. 
In terms of the structure of QCD, what this would mean is that we can construct a one 
quark state (in some asymptotic region). However, we have shown that it is not possible 
to construct such a state — thus we have a contradiction unless quarks are confined. 

We stress that the above is a sufficient condition for confinement, and is not a nec- 
essary one. Indeed, abelian theories (for example, compact U(l) in three dimensions^ 12 ]) 
may also confine due to dynamical effects. 

The above simple argument for confinement cannot be considered watertight — it 
skims over many difficult epistemological questions that plague field theory and indeed 
quantum mechanics. On a more immediate level, it fails to convey any scale for confine- 
ment. Before starting to address this important topic, though, let us briefly discuss the 
analogous problem of the observability (or not) of the gluonic field. 

Just as we saw for the fermionic field, the gauge field A cannot be identified with the 
physical gluons due to the gauge transformation (2). However, if we could construct the 
SU(3)-valued field h, transforming as in (10), then we claim that the physical gluonic field 
can be identified with the /i-transformed potential 

A phys := A h = h^Ah + ^h^dh. (14) 

It is sometimes argued that algebraic gauges do not suffer from the ambiguity. They are, however, 
afflicted with many other diseases, see, e.g., Ref. 9. In particular these gauge choices are incompatible with 
the physical photons! 10 ] . 
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Indeed, under a gauge transformation we have 



= {U- 1 h)- 1 A u U- 1 h+-{U- 1 h)- 1 d{U- 1 h) 




(15) 



= A h . 



So we see that knowledge of h suffices to specify the physical matter and gauge fields in a 
gauge theory. There is an appealing economy in this description of the physical fields that 
is only marred by the global lack of existence of such a field in the non-abelian theory. 
However, we can immediately deduce that in QCD the gluonic field is also not observable. 
For the abelian theory we have seen that we can take 



the two transverse photons. (Indeed, had we used the axial type of prescription found in (5), 
then the corresponding photon field would not be transverse. The additional longitudinal 
components can be seen to be responsible for the radiative decay of (5) discussed in Ref. 5.) 

Although, as seen above, no global solution to (10) exists in a non-abelian theory, 
we may attempt to find a local solution. It is important to stress here that local means 
local in the Yang-Mills configuration space, which is not directly related to the spatial 
locality we want in order to extract a confining scale. Indeed there are no natural scales 
in classical QCD, thus we can only hope to start quantifying our account of confinement 
if we can demonstrate that a sensible perturbative expansion of the physical fields (3) and 
(14) exists in some region of the configuration space. We are looking for a local solution in 
terms of a power series in the coupling g. In this way we may define perturbatively physical 
quarks and gluons. 




(16) 



which yields the physical electron (3) and from (14) gives 




(17) 
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The Lagrangian fermion is invariant up to order g reflecting the fact that the fermion 
is a physical particle when the gauge interaction is switched off. (This is of course not true 
of the gauge fields even in the free photon theory.) When we switch on the gauge interaction 
we have to dress the fermion. A perturbative quark field which is invariant up to order g 1 
is seen by inspection to be 

V'£ yB (x)=(l + ^(x)T-)^), 
which we may suggestively rewrite as 

^hys(^) = exp [g^{x)T^ + 0{g 2 ) , (19) 

i.e., to this level in the coupling we reproduce the Dirac electron. (We must merely replace 
Ai by A^T a .) Equivalently we have 

h°\x) = exp (-g^( x )T^j + 0(g 2 ) . (20) 

From this last equation together with (14) we see that 

„o . / .. d i d j \ 

(^) , (*)={s i3 -^r)M*)> (2i) 

i.e., to lowest order in the coupling we again obtain the QED result. It should be noted 
that due to the factors of - in (14) and (2) knowledge of h to any particular power in the 
coupling only suffices to specify the perturbatively physical gluons up to one power less 
in g. 

With the above fields we may perform some lowest order perturbation theory. The 
one-loop perturbative quark propagator is just the one loop physical electron propagator, 
which was studied in Ref. 4, up to an unimportant colour factor. This is gauge invariant 
and is the usual one-loop perturbative fermion propagator in Coulomb gauge. Indeed the 
perturbatively physical fields generated by h gl reduce to the standard ones in Coulomb 
gauge as may be seen from (19) and (21). 
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(18) 



We now want to go on to determine h to order g 2 . After some algebra one finds that 



h°\x) =l-g^(x)T« + £(^(x)T«J 



g2 jabc 2 



1 



2 V 2 V J V 2 

diA? , , g 2 f abc 1 
V 



exp< | -g^t(x) + ( A^dAAt )(x) 



2 fabc 1/1 



i 



g 2 f abc 1 



2 V 2 V J V 2 
1 



(22) 



+ ( Aj^M? )(*) ]T« }> + 0{g*) , 



fulfills this requirement up to terms of order g s . With this h 9 we find the following 
perturbatively physical fields: 



diA? 



4 ys (x) = [i + ^(,)r + | 



9 2 (diA\ 



(x)T a 



g 2 f abc 1 



2 V 2 



//'-'/"'"' 1 . / .,, I 



2 V 



& A 



2^ J 



j v2 drA1)(x)T a \^x) 



(23) 



and 



(A 9 phy M*) =Ai{x) - 



didjA 3 



| g jabcrpa 



d i A *X \ac, \+ x r^ l ^ f gig^l 'u - 



+ + (4^ (a fc ^) )(x) 



(24) 



Note that they both reduce to the usual fields in Coulomb gauge and that the physical 
gluonic field is transverse to this order, i.e., di(A g )hys Y = 0. It may be straightforwardly 
checked that these fields are indeed invariant under both BRST and gauge transformations 
up to terms of order g 3 and g 2 respectively. 

There have been previous attempts^ 13-16 ! to find the true degrees of freedom in pure 
SU(2) Yang-Mills theory. These solutions have displayed unpleasant singularities and 
have not proven to be very tractable. The suspicion has been voiced^ 16 ! that there exists 
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a link between these singularities and the Gribov ambiguity. From the above results it 
is clear that this is indeed the case: due to the Gribov ambiguity it is impossible to find 
physical quarks or gluons and the singularities reflect this. It is however, possible to find 
perturbative solutions and this we have done here. The field theorists standard tools may 
now be applied to these solutions. 

The results presented here should be used as the basis of a perturbative investigation 
of the physical Green's functions of QCD which, as we have discussed above, is essential 
if the scale of confinement is to emerge from this approach (now being identified with the 
breakdown of gauge invariance in the locally physical Green's functions). On top of this, it 
would be of interest to see what light they cast upon the infra-red behaviour of the theory; 
recall that in QED the infra-red singularities cancel in the physical Green's functions M . 
The higher order extension of the solutions found here should also be investigated. We 
remark in this context that problems with the Coulomb gauge at three loops have been 
seen by Taylor^ 17 !. 

The topological account of the inevitability of the Gribov ambiguity in non-abelian 
gauge theories fails to give a feel for the size of the obstruction. One knows that it is not 
just the large gauge transformations that are causing problems. In fact, within the identity 
component of the group of all gauge transformations there are non-contractable loops (for 
SU(2)), spheres and higher dimensional objects all conspiring to stop the local observables 
from becoming global. However, without any metric information we cannot decide whether 
such topological complications cause trouble in a large region of the configuration space 
or just at a few isolated points (after all, an n-sphere minus one point is topologically 
trivial). Clearly the need to assess the extent of the obstruction is related to the space- 
time confining scale, and is also important for any consideration of the (local) stability of 
the solutions. We have seen that the local expressions for the quark and gluon, at least to 
low order in g, are closely connected to Yang-Mills configurations in the Coulomb gauge. 
Now it is known^that the Yang-Mills fields which satisfy this gauge condition can be 
identified with the critical points of a naturally defined Morse function constructed out of 
an L 2 -norm on the configuration space. We would thus expect this norm to be of some 
use in the analysis of the extent to which the fields remain physical as they are extended 
to the Gribov horizon. 

In order to describe QCD at finite temperature and density our assumptions on the 
topology of space time must be replaced by S 1 x S s . This additional complication of 



9 



the topology will not alter our arguments, thus we predict that quarks and gluons will 
not become observables at high temperature. The scales will change of course and it is 
possible that a large plasma may be generated in which parton-type objects may appear to 
move around, analogously to the situation in deep inelastic scattering, however, individual 
quarks or gluons will still not be observables ^ 19 \ 

Another kinematical account of confinement has been proposed by Kugo and Ojimat 20 ! . 
The connection between their work and ours is unclear to us, in particular they make no 
reference to the role of the Gribov ambiguity. Ideas which appear closer to those ad- 
vanced here may be found in Ref. 21. Also worth noting here is the idea of Polonyi to 
link quark confinement to topological obstacles to constructing a gauge invariant quark 
propagator! 22 '. That this cannot be done is also, if on different grounds, an immediate con- 
sequence of our above arguments. Finally we recall that there have been attempts! 23 ' 24 ] 
to derive confinement dynamically from the Gribov ambiguity, although these papers did 
not concern themselves with the true degrees of freedom of QCD. 

To summarise: we have shown that it is impossible to construct physical, BRST in- 
variant quarks and gluons as a consequence of the Gribov ambiguity. We interpret this 
as meaning that quarks and gluons are not observable, which is one way of stating the 
confinement hypothesis. We have, however, been able to construct solutions inside per- 
turbation theory which are BRST invariant to low orders in the coupling. The one-loop 
perturbatively physical quark propagator was seen to be a close copy of the physical elec- 
tron propagator and is hence gauge invariant and infra-red finite. A detailed perturbative 
study of the higher order solutions found here will be presented elsewhere. 
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